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Abstraét

Expressions are given for the electron contribution to the

Stark broadening at large distances from the line center,
referred to the quasi-static broadening by ions. Depending on
distance from the line center and velocity, the electron
contribution is calculated with the impact approximation using
Lewis or Debye cutoffs, or with the quasi-static approximation.
In addition to monopole-dipole interactions causing pertur-
bations within the group of levels having the principal quantum
number of the upper state of the line, some allowance is made
for monopole-quadrupole interactions, for collision-induced
transitions involving changes of principal quantum numbers and
for perturbations of the lower state of the line. Using improv-
ed estimates for the relevant atomic matrix elements, the
correction factor to the asymptotic Holtsmark result for ion
broadening is calculated to an estimated accuracy of 109 for
almost all lines of the early hydrogen line series, and estimates
are given for higher order terms in the asymptotic expansion and
Debye shielding effects. The electron broadening, while at
most about equal to quasi-static ion broadening, turns out

to be significant under all practical conditions, even when
these lie well in the validity regime of the impact approximation.
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i INTRODUCT ION

While the Stark broadening of hydrogen 1ine§‘by ions is
almost always adequately described by the quasi-stétic (Holtsmark)
approximation (high principal quantum number na lines are a |
notable exception [Griem 1966]), if necessary corrected for
Debye shielding and ion-ion correlations, the situation for
electron broadening is much more complicated. The prevailing
view had been that their contribution was, only important when
their éffects could be described by the quaéi—static approximation
as well. However, detailed calculations [Griem et al. 195G, 1962]
based on suitable versions [Baranger 1958, Kolb and Griem 1958)
of the impact approximation showed that tbis was not the case,
dt_least not for early members of the ILyman and Balmer series.

For early Balmer lines, these calculations tended to agree with )
experiments within the estimated theoretical errors of 10 to 20%
'[Griem 1964, Wiese 1965], verifying that eleétron impact broadening
may be Just as important as quasi-static ion broadening.

The above statementé mainly refer to exberiments at rather
016cm'3) and measurements of the

- 'central portions of the iine shapes. At lower densities

high electron densities'(>1

(~a013cm-3) and further out on the line wings, measurements of
high members of the Balmer séries [Bergstedf et al. 1661, Ferguson
and Schllter 1963, Vidal 1964] and Paschen series [Vidal 16651
all indicated that the various theoretical estimates of the
electron impact broadening for such Iinés lGriem 1960, 1962]

were too high. However, the question was left open whether or



‘not this was due to some basic limitation in the impact broad-
ening theofy or to errors made in exﬁrapolating from the detailed
calculations for the low series members {Griem et al. 1959, 19621].
It is the purpose of the present communication to point out that
the latter is the‘case.and that'estimates for the wing broadenihg
of high mempers of the hydrogen liné éeries based on the impact -
and quasi-static approximations, which ever is appropriate,

can ﬁe made with about the same reliability as; e.g., for Lyman-a
[Gr;em 1965]{ i.e., typically to within #1049, The essential
result is that electron broadening rever significantly exceeds that ‘
”predicted by the Holtsmark theory, but that it comes very close

to this limit even under conditions for which the quasi-static

.approximation is not at all valid.

II. THEORY
Assuming only monopolg;dipole interactions between
perturbing particles and hydrogen atoms and neglecﬁing botﬁ
lower state broadening and contributions from states of different
principal‘quantum number than the upper state of the'iine, quasi-
“static and impact approximation yield the asymptotic line
shapes [see equations (7) and'(lgj of Griem 1962]
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Here Nsiand Ni are the number densities of quasi-static and
impact broadening'perturbers, v is the velocity of the latter,
'“C and r, are dipole and coordinate vecto; operator components
of the atomic electron, and Aw is the angular frequency separation
from the unperturbed line. The sums are over the various sublevels
a and B, B', ﬁ"Aof the lower and upper states of the line (in
case of the quasi-static formula only -over half of all components,
naﬁely those which are shifted to'oné side of the unperturbed
: 1ine) and ovef.;he various components of p. énd r,. Finally,
. e i1s the charge of the electron and # Planck's constant divided
by 2w.

The quantities Epﬁ' in equation (2) were estimated to be
or order ﬁﬁﬂ' and actually determined from the requirement that
‘there should be a smooth transition from quasi-static to impact
approximations [Griem 1962]. Aiternatively, Eﬁﬁ' may be
obtained directly by calculating the so-called strong-collision
term, 1i.e., By carrying the iterative solution of the time-
dependeﬁt SchrBdinger equation, whose second-order solution glves
rise to the logarithmic term, to higher orders. For Lyman-a
this procedure results in Epﬁ'” 0.29 aﬁﬁ' (Griem 19651,
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while estimates of the strong.éollisibh term based on the second
,or@er solution g;ve‘Epp, ~ 0.50 Gpp': An intermediate
value will be chosen here in order ﬁo'acéount, at least roughly,
also for monopole-quadrupole 1nteréctions which gife rise to.
an additional term of order kTVEH {Griem 19651, E, being the
ionization energy of hydrogen. | The constant p;-eceding the
logarithm should then typically be within % 0.1 of its true
value.

The minimum impact parameter uhder‘tbe logarithm corresponds
to the breakdown of second-order perturbatibn theory. It is

of order [Griem et al. 1959)
. .
Pmin = n2 ﬁ“',' ] . (3)

where n is the principal quantum number of the upper state.
- The maximum impact parameter is introduced .to-account fof’the
finite duration of the collisions [Lewis 1961] or for Debye-
shielding [Griem et al. 1959] and is therefore chosen as
[Griem 1962, 1965] |

1/2 _
kT ,
Min - Y
Ppax ~ M0 g (55 )7 W
l.e. as the minimum of the length ah~e1ectron can travel in
times contribuéing td the Fourier integral which represents the
line shape, and the Debye length appropriate for shielding by

other electrons.




In the calculation of the velocity average ofbthe'impact'
profile, the Lewis cutoff is thus to be used for small velocities
and the Debye cutoff for large velocities. Also, the 1ntegra1
over velocities should not begin before pmax-becomes larger than
Prin® Assuming a Maxwell-Bolﬁzmann distribution for the electroﬁ
velocities and introdﬁcing a new variable y =-% uvalkf the

integration (average) of equation (2) is readily performed
(Griem 1965) yielding
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The quantity ¥ corresponds to the velocity where minimum impact
parameter and Lewis cutoff are equal to each other, and Yo to the

velocity'where Lewis and Debyg cutoff are interchanged, i.e.,

2,
yl = %‘a_)l. 9 (6)
- mIAw,Q :
Yo ) 5;;;5“‘ . (7)




Electrons for which the minimum impaet parameter is larger
than the Lewis cutoff, i.e., for which y < yl, actually fulfill
‘[Griem 19621 the usual validity criterion for the quasi—static
approximation, and should therefore be counted as contributing
toward the density of quasi-statie perturbers. This consideration
leads to '
Y1 .
-1xQ w%-fvl"" eYay) . (8)

=N[1 +y—y1 (14-32; (- l)nyin )]

[Griem 19651, always assuming that eleetron and ion densities
are the same (N), which will be the case unless multiple
jonization is important. Other implicit assumptiong are that
¥y is larger than Yoo wvhich seems to be true in all pracﬁical
situvations, and again that the electron velocity distribution
is Maxwellilan. .

It now only remaiﬁs to estimate the various atoﬁic matrix
- elements entering equations (1),:(2), and (5). The matrix of

z: o|B")(p"|r  is diagonal in spherical coordinates, and its

p“
elements are [Griem 1966] in terms of the Bohr radius’ a.,

Ynn|r_[nttn'* Ynst it Ir, Inen - 2 a%? (n?-4%-2-1).  (9a)
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Because of the selection rules for the dipole (i ) matrix
elements, the largest valué~of the orbital quantum number 2%

is equal to the principal quantum number n' of fhe lower state.
For high series members equation (9a) may thus be reblaced by

z (mir jne" m" Mne"m' |r_|nsm) ~ %aann (9b)

L'm'" v °
The ratios of the mean Qalues of equation (9a), using
[{ntm|pn In'z'm')|2 as weight factors, and of equation (9b) have
been calculated for the Lyman, Balmer and Paschen series with
the aid of exact radial matrix elements [Green et al. 1957]
and are listed in Table.l. Inspection of the tabulated ratios
indicates that the use of equatioﬁ.(9b) causes errors of 1es$
than 20% in tﬁé impact broadening of the_upper levels of all
but the first two Lyman, three Balmer and four Paschen lines.
Also listed (in parentheses) are the ratios of average matrix
elements referred to matrix elements extrapolated [see equation
(21) of Griem 1960) from exact values for the first two Lyman
and first four Balmer lines [Griem et al. 1959]). While these
‘-éxtrapolated matrix elements 1ndéed give ratios close to unity
for most of the early series members, they are too large by a
factor of about n/6.75 for high series members; 1;e., the
electron impact broadenihg had been pvgr-estimated considerably
for these lines. '

The matrix elements entering the quasi-static formula, on
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the other hand, are well estimated by

\
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af

[see equation (19) of Griem 1960], with errors of only a few
percent for high series members. The final result for the total
' asymbtotic wing intensity is best expressed relative to the
asymptotic Holtsmark result for the ion contribution. The latter
is giﬁen by equation (1) with N, = N, and the total wing intensity,
i.e., the sum of ion and electron contributions, follows by
adding equations (1) and (5), détermining the value of N from
equation (8). In this manner and using equations (6), (9b), and
(10) the correction factor to.the asymptotic Holtsmark result

‘becomes
) 1 3/2 1/2
£ ~1+‘%6[y1/2e“y dy+(l‘\ (5 (11)
/
J——-dy--— I—-—dv)(l-———e)u

yi 2

with y; and y, defined through equations (6) and (7). Also,
to at least approximately account for the perturbations of

the lower state (principal quantum number n'), the electron -
impact contribution was multiplied with the factor (1 - n'2/r12)1.‘/2

This 1s suggested by the much improved agreement with exact
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calculations for low serieé members when the factor n3 in eqﬁation
(10) is replaced by (n® - n'2)3/2 [Griem 1960) and by the -
observation that the electron impact broadening is reduced by
essentially a factor (1 - n'?/na)2 (Griem 1966] by lower state

perturbations.

IXI. DISCUSSION

The second term in equation (11) represents the relative
correction to the quasi-static ion broadening for quasi-static
electron broadeniné, the third term that for electron impact
broadening. For yl << 1, electron impact broadening dominates
_in the correction, for ¥y > 1 quasi-static electron broadening.
(Values of_y1 for ions are‘larger'than those for electrons by
the ion to electron mass ratio, if elecéron and ion tempéfatures
are the same, and it 1s therefore usually safe to use the quasi-
static approximation for ion broadening as long as the electron
y, is larger than, say, 10'3, which is generally the case
outside of the Doppler cores.) The correction factor as
given by equation (11) but without the factor (1 - n'Z/n2)}/2
is shown in Figure 1 as function of ¥ and for various values of
the parameter Voo The most important feature 6f these curves
is that f remains conéiderably above the value f = 1 even f9r~

small y, for which the usual validity criteria for the quasi-

static approximation are violéted by an order of magnitude or more,

as long as y, 1s significantly larger than'yl. That this is
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usﬁally the case can be seen by estimatiﬁg the rafio of Yo and

y, for points outside of the.Doppler core, i.e., for

|dw] > (kTVMce)l/Eﬁh where M is the hydrogen atom mass and

® = 2we/A the angular frequency of4the-11ne. This ratio is then
from equations (6) and (7) and combining the various constants into
the hydfogen ionization energy and Bohr radius,

/ ) - .
-—:—:—f— >% —%—}—93 2(n?‘Aa§N> ! s - (12)

which indeed exceeds unity by a large factor for all
experimental conditions yet reported.

Even though equation (11) was derived essentially for
high series membefs, it should be reasonabiy accurate for many"
of the early lines as well. This contention is supported by
the good agreement (to within a few percent) with more detailed
calculations for Lyman-a [ériem 16651, which suggests that
errors from the use of approximate matrix elements should be
" well below 10% for all Lyman, Balmer and Paschen lines except,
perhaps, for Ha and the first two Paschen lines. (This surprisingly
good accuracy comes from a near-cancellation of errors in the
matrix elements for impact and quasi-static broadening.) Other
theoretical errors in equation (11) are connected with ‘
uncertainties in the definitions of yl and Yo and the estimated
uncertainty of % 0.1 in the factor % of the strong collision
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“term. However, e\}éh if one allows for a factor of 2 uncertainty
in y, and ya, the combined error from these sources stays
practically always;below 1_0‘,’5. Additional errors are, in principle,
incurred by neglecting,perturbatidns involving intermediate
states of different principal quantum numbers. These must be
1nc1ﬁded as soon as the angular frequency splitting between :
neighboring states, @, nel ™ 2EH/ ﬂn3, is less than v/ pminzmval ﬁne,
- using equation (3). Estimates analogous to those performed for
high principal quantum number na lines [Griem 1966) indicate*
that then a term %-I_ e Vay/y should be added to the factor

y3 '
containing the exponéntial integrals in equation (11), with

* Average matrix elements of erln"z"m“ Mn''£''m'! [r summed

n'2%m'lv -
over all n'' # n are for high series members l/é of the average
matrix elements with n''* = n. However, the dominant
contribution to the wing ihtensity from collision-induced
transitions to n''£ n corresponds to‘ a combination of dipolg ()
| matrix elements for the tranéitifms n'—yn and n'—n+1, which.are _
for high series members almost equai to each other, and r  matrix.
elements for the transitions n—n a'nd'n-—-sn-cf 1. The relevant
combination of matrix elements is therefore about 1//J of that

for n"" = n.
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yé ~ EH/(nkT), to account for collision-induced transitions to
different principél quantum number levels.

| After this correction, theoretical uncertainties in the
ratio of total winé intgnsities due to Stark broadening to the
intensity predicted by the asymptotic Holtsmark formula for '
ion broadening are accordingly less or about lo%lfor almost
all lines of the early hydrogen line series. In practice; additional
errors may be incurred by applying asymptétic formulas too near
to the line center, where higher order terms in the asymptotic
expansion for the line shape are important and where it is .
often necessafy to«cérrect for Debye shielding, etc., of the
quasi-static perturbations, or too far out on the line wings where
overlap with the next line in the.series is considerable. The
- second difficulty is usually 1mmediately.rec&éniz#ble, while the
former may be conéealed~by a near-cancellation of the two
correct;ons, both of which affect to first'approximation only the
quési-static broadening. Forllaman-a {Griem 1965] these
(relative) corrections to the quasi-static broadening were

estimated as

' 2 /2 :
AT 32 g 1/ |CF 3 w ) SlCe
Is v ZES» 'K-rsAw

Here C is the linear Stark effect constant relating the frequency

(13a)

o~
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shift Awg to the field strength F thrduéﬁ O =CF, F n (Aw/B)zést
is the Holtsmark normal field strength, w the half width of the
impact profile which will here be related to the asymptotic impact
profile through I, ~ w/(m0?), and ry is the effective shielding
length vhich should lie somewhere between the Debye radii
accounting for shielding by electrons only or by ions and electrons.

Choosing therefore r

;2 ~ 6TNeZ/KT,

1/2 ‘yl Te? 1T eV N
w )Qmw +ITGY“§f7dY)

Y3 Yo

2/3
and in analogy to equation (10) C =~ (g\ ;2 and using equation
(6) the relative correction 1is estimated to be

AI EHn 1/2
s 3 2 1/2 -y ..\
—T; kTyl Na [l 3 <§+-7?— £ y /e dy/

\&T/

1/2 Yy peY -y Ey~
oG [ a3 T ) 20 )

(13b)

For asymptotic formulae to be applicable AIS/Is.must of

course remain small and yl.should accordingly always fulfill

513;




assuming the first'term in the square bracket dominates.

To summarize, the ratio of actual to asymptotic Holtsmark

wing intensities of hydrogen lines is predicted to be

N R are -
e -G+ 71"%-([ v 2oy o+ o) Gr) nHge Ty

fi a3 J%——dwgf—-—dy)(l- ) "

¥3

=

to within an estimated theoretical error of less or about 10%,

AT, nt.o
provided both —~ ~from equation (13b) and (ﬁ-)
S5

in the
correction for lower state pertﬁrbations are not much larger
th;n ~'O.l. (Uncertainties in the correction for collision-
induced transitions to different principal quantum number ‘
states should then never be important ) The quantities y1
and Yps now in terms of relative wavelength separations AA/A
from the line center, are

vy = oy @ - )] 2],

<1 o .2
= <?2wa3 N) <§5:§.-3F£),%ll

-1k

(15)

(16)



and y3 [which like ¥, ought to be larger ‘than yl for equation
(14) to be applicable] is

EH « :
Y3 = 5kT - | (17)

The other symbols stand, as/before, for the ionization energy

of hydrogen (EH)’ the glectrop'temperatuqe in energy units (xT),
the electron density (N, assumed to be equal to the ion density),
the Bohr radius (ao) and the principal quantum numbers of upper
(n) and lower (n') levels of the line, whose unperturbed
wavelength is A,

That the correction for electron broadening is indeed
important for many astrophysicél situétions is pefhaps best
demonstrated by an example. Consider, e.g., the H; line at
N’aslolucm—3, T ~ 6000%. About 28 from the line center the
various characteristic parameters are then vy =~ 3x 10"2,

Yo ™ Y3~ 5, and the correction factor is from equation (14) -

f ~1.7. This is in fair agreemenﬁ_with the first calculations
of the electron impact broadening correction [Griem et al.

1959), which resulted in a factor of ~ 2.05 for these conditions, -
and with a modified calculation [Griem 1962] accounting for the
Lewis cutoff [Lewis 1961J], which yielded a factor ~ 2.0. Only

at larger wavelength separatioﬁs from the line center the first

calculations were a considerable overeétimate, until the Lewlis
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modification was included. For other early Balmer lines

the situation is similar. However, as mentioned before,
previous estimates for high series members [Griem 1960] were
based on an incorrect extrapolation of atomic matrix elements
from small to large principal quantqm numbers and should thus
definitely be replaced by the present calculations., Finally,
there will be many cases for which equation (14) results in
f ~ 2 over tne whole wavelength range of interest (e.g.,

for A\ > 42 in the above example), Justifying a posteriory
the use of the asymptotic Holtsmark formula for both ions
and electrons. Such asymptotic Holtsmark profiles can be
obtained from tabulations of complete Holtsmark profiles
{Underhill and Waddell 1959] or for lines not tabulated from
equation (20) of Griem [1960], which is valid for all but the
first few lines of the Lyman, Balmer, Paéchen and Brackett

series.,
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Table I

Ratio of averaged matrix elements for electron impact broadening
.from equation (9a) and their asymptotic'vélues from equation (9b)
for the Lyman (n"='1); Balmer (n' = 2), and Paséhen (n' = 3)
series., (Values in parentheées are ratios referred to a -

previous estimate of the matrix elements [Griem 19601.)

n n' =1 ’ nt' =2 . n' =3

2 "~ 0.250(0.819) - -

3 0.667(1.51) 0.368(0.731) -

b 0.812(1.37) 0.661(1.09) 0.323(0.370)
5 0.880(1.19) 0.788(1.05) 0.593(0.743)
6 0.917(1.13) 0.854(0.956) 0.725(0.792)
7 0.939(0.506) ' 0.893(0.860) 0.802(0.762)
8 0.953(0.805) 0.919(0.775) 0.850(0.713)
9 0.963(0.722) 0.936(0.703) " 0.882(0:660)
10 0.570(0.661) - 0.548(0.639) 0.905 (0.611)
11 0.975(0.599) 0.957(0.588)  0.922(0.566)
12 0.979(0.550) 0.564 (0.542) 0.935(0.526)
13 0.9582(0.510) 0.969(0.502) 0.944(0.%90)
14 0.985(0.475) 0.974(0.470) 0.952(0.459)
15 0.987(0.444) 0.977(0.440) 0.958(0.431)
16 0.988(0.416) 0.980(0.%13)  0.963(0.406)
17 0.990(0.393) 0.982(0.390) = 0.968(0.38%4)
18 0.991(0.372) 0.935(0.370) 0.971(0.364)
19 0.992(0.352) 0.986(0.350) 0.97%4(0.346)
20 0.993(0.335) 0.987(0.333) - 0.977(0.330)



10.

11.

12,
13.
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15,

16,
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Figure 1 -

. Electron broadening correction factor to the asymptotic
Holtsmark formula for lon broadening, omitting corrections
for lower staté broadening, collision-induced tranéitions

~to different hrincipal quantum number levels and higher

order terms in the asymptotic expansion.
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